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Abstract: Conformal matter collineations of the energy-momentum tensor of a general spherically
symmetric static spacetime are studied. The general form of these collineations is found when the
energy-momentum tensor is non-degenerate, and the maximum number of independent conformal
matter collineations is 15. In the degenerate case of the energy—-momentum tensor, it is found
that these collineations have infinite degrees of freedom. In some subcases of degenerate energy—
momentum, the Ricci tensor is non-degenerate, that is, there exist non-degenerate Ricci inheritance
collineations.
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check for 1. Introduction

updates . . q- . . .
Recent observations indicate that the universe contains black holes whose horizons

are rotating at a speed close to that of light. General relativity (GR) suggests that the
dynamics near the horizon of such black holes are governed by a strong infinite-dimensional
conformal symmetry—similar to the one seen near the critical points of different condensed
matter systems. Researchers have explored possible observational consequences of such a
symmetry [1].

Symmetries and conformal symmetries play a very important role in mathematical
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tensor and the Ricci tensor play a significant role. These symmetries, known as matter
collineations (MCs) and Ricci collineations (RCs) [3], respectively, satisfy the equations

£:T=0, and £:R=0. 4)

Similarly, one can define collineations for the curvature and Weyl tensors [3].

Solutions of EFEs can be classified by requiring these symmetries and thus a com-
plete list of metrics with certain symmetry can be obtained [4]. Spacetimes have been
classified on the basis, for example, of KVs [5-7], HMs [8], CKVs [9,10], RCs [11-22] and
MCs [23-27]. This also provides a way to find new solutions of EFEs which are otherwise
very difficult to solve. These collineations have been generalized to define what are called
conformal collineations (or inheritance collineations [28,29]). Thus, we obtain conformal matter
collineations (CMCs)

EXT = 29p(x")T, ®)

or conformal Ricci collineations (CRCs), defined by
£yR = 2¢(x")R. (6)

Conformal symmetry is physically significant, as CKVs, for example, generate con-
stants of motion along the null geodesics for massless particles which are conserved
quantities. On the other hand, it is of mathematical interest to obtain classification by
conformal collineations and to investigate their relation with collineations. Though there
has been a good amount of literature on the study of CKVs, the interest in conformal
collineations is relatively recent. The complete classification of spherically symmetric static
spacetimes by their CRCs when the conformal factor ¢ is a constant has been carried
out in Ref. [30]. The CRCs with a non-constant ¢ have been studied for the Friedmann—
Robertson-Walker spacetimes [19], the general static spherically symmetric spacetimes [31],
the non-static spherically symmetric spacetimes [32] and Kantowski-Sachs spacetimes [33].
For pp-waves, the relationship between CRCs and CKVs has been studied in Ref. [10].
Recently, Akhtar et al. [34] have classified static plane symmetric spacetimes according to
CRC:s. Further, the CRCs for the Einstein-Maxwell field equations in the case of non-null
electromagnetic fields have been investigated as well [35].

In this paper, we classify spherically symmetric static spacetimes by their CMCs.
The Equation (5) for CMCs in component form can be written as

Tab,cXC + Tch,Cb + chX,Cu = ZlPTuh/ (7)

where ¢ is the conformal factor which is a function of all the spacetime coordinates
x* = (x%,x1,x2,x3). In this paper, we use the usual component notation in local charts
and a partial derivative will be denoted by a comma. Note that the above equation gives
MCs if ¢ = 0, thus the classification of spherically symmetric static spacetimes by MCs [24]
becomes a special case of the classification obtained in this paper. We call a CMC proper if it
is neither a KV nor an MC. The set of all CMCs on the manifold is a vector space, but it may
be infinite-dimensional. If T, is non-degenerate, i.e., det(T,,) # 0, then the Lie algebra of
CMCs is finite-dimensional. However, if T, is degenerate, it may be infinite. Thus, in the
case of a non-degenerate energy—-momentum tensor, i.e., det(T,;) # 0, we use the standard
results of conformal symmetries to obtain the maximal dimensions of the algebra of CMCs
as 15. Since T,;, describes the distribution and motion of matter contents of a manifold,
and mathematically it is very similar to the the Ricci tensor, the study of MCs and CMCs
has a natural geometrical as well as physical significance.

In the next section, we setup the CMC equations for static spherically symmetric
spacetimes. In Section 3, these equations are solved when the energy—momentum tensor is
degenerate, while in Section 4, we obtain results when the tensor is non-degenerate. We
find that the degenerate case always gives infinite dimensional Lie algebras of CMCs. We
conclude with a brief summary and discussion in Section 5. Throughout the paper, we
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will consider four-dimensional spacetimes, and spacetime indices will be denoted by small
Latin letters (e.g., 4, b, c,...). The metric has signature (+,—, -, —).

2. Equations for Conformal Matter Collineations

We consider a general, spherically symmetric, static spacetime in the usual spherical
coordinates
ds? = e’ g2 — Mgy — 42 (d92 + sin? 9d¢2). 8)

The non-vanishing components of the Ricci tensor Ry, = R, , for this metric are given by

Rgo = Ro(r) = ie"_)‘ (21/" NRY Yy Y 4:1/’), )
Ry = Ry(r) = —i <2u” NIV U ‘:A’>, (10)
Ryy = Ry(r) = %e*)‘ [r(A =) —2]+1, (11)
R33 = Sil’l2 9R2, (12)

and the Ricci scalar R = RY, is
—A

e 4 4
R-22 21/’+v’2—1/’)\’+r(v’—)\’)+72(1—€)‘)], (13)

where the prime represents derivative with respect to the radial coordinate r. Thus, we can
write the Ricci tensor form as

ds3;. = Rypdx"dx? = Ro(r)df? + Ry(r)dr® + Ro(r) <d62 + sin? 9d¢2). (14)

The metric (8) has time-independent coefficients, and using the field Equation (3) with
c=1and G = g, ie, x = 1, the components of the energy-momentum tensor T,, become

8/

_ I A R

TOO = To(i’) = 776 (7’)\ +e" — 1), (15)
_ _ Ll

T11 = Tl (1’) = 7’72 (7’1/ e’ + 1), (16)
- _ f —A |9, 12yt % Y

Tzz_Tz(r)_4e U7 +v v)x—I—r(v AN, (17)

Tz3 = T3(r) = sin® 0T,. (18)

Similarly, the matter tensor form can be written as
A3 atter = Tapddx"dx® = To(r)de? + Ty (r)dr® + T(r) (6 + sin0dg?).  (19)

Using the above energy—momentum tensor components, the Ricci curvature scalar given
in (13) can be cast into the form

2
R=—e"Ty+e Ty + 5T (20)
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Further, when we state the energy—-momentum tensor components given above in terms of
the Ricci tensor components (9)—(11), we find that

_ 1 A ev
To= > (RO +e Rl) +5Ry, 1)
1 A— eA
T, = E(e Ro +R1) - 5Ry, 22)
2
_ L —v A
T2 = > (8 RO e Rl) (23)

In GR, physical fields are described by the symmetric tensor T,;, which is the energy—
momentum tensor of the field. We have the covariant decomposition/identity for T, as
follows [36]:

Top = puatty — phap + 25Uy + Tap , (24)

where h,, = g, — Uy is the projection tensor, and the quantities p, p, 4, and 7., are
the physical variables representing the mass density, the isotropic pressure, the heat flux
and the traceless stress tensor, respectively, as measured by the observers u*. In the
above decomposition, Ty, is described by two scalar fields (p, p), one spacelike vector
(9%, gau® = 0), and a traceless symmetric 2-tensor (7., $a» 7% = 0). The irreducible parts
of T, are defined as

p=u"uT,, (25)
p= 3T, (26)
q" = h"Tyeu’, (27)
Tap = (h;h;;’ — ;hahhfd) Ted, (28)
where #” is a timelike unit four-vector field normalized by u®u, = 1. The energy-

momentum tensor T, given in (24) represents the general anisotropic fluid, and reduces to
an anisotropic fluid without heat flux if g% = 0, an isotropic non-perfect fluid if 7% = 0,
a perfect fluid if ¢* = 0 and 7" = 0, and a dust if p = 0,4° = 0 and 7 = 0. GR is
a classical theory of relativity, however, in the field Equation (3), the classical spacetime
geometry is also related to the stress—energy tensor of quantum matter. To overcome
this inconsistency, we need to embed GR (or its generalizations) within some quantum
mechanical framework, i.e., quantum gravity. For the metric ansatz (8), it is customary
to have the fluid to be at rest, because the spacetime is static, i.e., u? = uO(SS. Then, using
the normalization condition of four-velocity, that is, u”u, = 1, one can find ud = e v/2,
Thus, we find from (27) that for this choice of observers the heat flux vanishes (4* = 0),
which is expected from the symmetries of the metric. In addition, under the latter choice of
observers, the remaining physical variables p, p and 77, that follow from (25), (26) and (28)
are

_ 1/ _ 2
p=e UTQ, p:3(e /\T1+7’2T2)’ (29)

el r? A s 2
(T1 — r2T2> , T = m, T =sin 6 7122 . (30)

WIN

oo =0, 7 =
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If the choice of observers as a timelike four-vector field u* = uoég is not appropriate
for any reason, then we must apply the normalization condition of the four-velocity with
u"u, = —1 by choosing the four-velocity as u” = u'5¢ which is a spacelike four-vector,
since one can always normalize the four-velocity to £1. Then, we find for the metric (8) that
ul = =2, For the spacelike four-vector, the projection tensor has the form h,, = g, +
uguy. Then, this choice effects the mass density, the isotropic pressure p and the traceless
stress tensor 77,;, due to Equations (25), (26) and (28) such that

_ 1/ _ 2
p=e ATl, p:—3<e VTO_,,ZT2>’ (31)

2 e’ ., .2
1 =0, o = 3 To+r7T2 ;T2 = e Moo, ey = sin O7mn. (32)

In GR, it is conventional to restrict the possible energy—-momentum tensors by im-
posing energy conditions. The energy conditions for the energy—-momentum tensor T to
represent some known matter fields are the conditions that are coordinate-independent
restrictions on Tj;. In the literature, there are five categories of energy conditions. These are
the trace energy conditions (TEC), null energy conditions (NEC), weak energy conditions
(WECQ), strong energy conditions (SEC) and dominant energy conditions (DEC). The TEC
means that the trace of the energy-momentum tensor T = g™’ T,;, should always be positive
(or negative depending on the signature of metric). The NEC mathematically states that
Tabk”kb > 0 for any null vector k*, i.e., k?k, =. On the other hand, the WEC requires that
T,pt"t? > 0 for all timelike vectors t%. The SEC states that T, tt’ > %th t. for all timelike
vectors t*. The DEC includes the WEC, as well as the additional requirement that Tt is a
non-spacelike vector, i.e., Ty, TZZ: t7t¢ < 0[37,38]. For a perfect fluid, the energy conditions
are described as

TEC: p—3p>0; NEC: p+p>0; WEC: p>0, p+p=>0; (33)
SEC: p+3p>0,p+p>0; DEC: p>0, |p|<p. (34)

Thus, it is seen that the energy conditions are simple constraints on various linear
combinations of the energy density p and the pressure p. The matter, including both
positive energy density and positive pressure, which is called “normal” matter, satisfies
all the standard energy conditions. On the contrary, “exotic” matter violates any one of
the energy conditions. For example, the SEC is satisfied by “all known forms of energy”,
but not by the dark energy, where p = —p. We note that for the static and spherically
symmetric metric (8), one can find the null vector as k* = e~/ 250 + e M 259 by using the
condition k”k, = 0. Then the NEC for the general anisotropic fluid (24) becomes

2
p+3p—r—2T220, (35)

which yields the perfect fluid energy condition taking T» = pr2.

For the perfect fluid, it is easily seen that Ty = pe", T} = pe/\, T, = prz, ie, T, =
r2e ATy, and T3 = sin®6T,, which yields 7, = 0 as it should be, and these give rise to the
following relations

eV et 72
Ro=Z(o+3p), Ri=—(o—p), Ro=Z(p—p) (36)
where p and p are, respectively, density and pressure of the fluid, which are

pz%(;’/\’—i—e’\—l), pz%(;’v'—e)‘—i—l). (37)
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Further, the condition of isotropy of the pressure for the perfect fluid matter yields that

2 4
21/’+1/’2—1/A’—;(1/+/\’)+r—2(e)‘—1>:0, (38)

which is equivalent to
?Ry —e*Ry = 0. (39)

In this case, the energy conditions for a barotropic equation of state p = p(p) are given by

p>0, 0<p<p 0<

&‘&
o<

<1. (40)

The linear form of a barotropic equation of state is given by p = wp, where w is the equation
of state parameter. For w = 0,1/3 and 1, we obtain dust, incoherent radiation and stiff matter,
respectively.

For the spherically symmetric static spacetimes (8), Equation (7) takes the form:

T/X' +2T;X}; = 2Ty, i=0,1,2 (41)
T, (X3 - cotoX® — X3 ) =0, 42)
ToXj+T;X),=0, j=1,2,3 (43)
TiX) + TeX5 =0, jk=1,2,3 (j #k) (44)

In the above equations, the summation convention is not assumed. For the non-degenerate
energy-momentum tensor T, after some tedious calculations similar to those performed
in Ref. [31], we see that the general solution of Equations (41)—(44) can be written as

T

X0 = ?2 [sinf(A]sing — Ajcosp) + Ajcos 6] + Ax(t,r), (45)
0

X! = % [sinf(A]sing — Ajcosp) + Ajcos 6] + As(t, ), (46)
1

X? = —cosB[A;sing — Aycosd] + Azsin6 + aj sing — ap cos ¢, (47)

X3 = —csch[Aq cosd + Apsing] + cotf(ag cos + apsin) + as, (48)

with the conformal function given by

/!

T, T
= <2A’1 + A1> sinfsin ¢ — <2A’2 + A2> sin 6 cos ¢

2T, 2T,
+ ! AL+ Az | cosO + L As(t,7) (49)
2T2 3 3 2T2 5\t, 1),

where Ay(t,7), (¢ =1,2,3,4,5), are integration functions and a (j =1,2,3) are constant
parameters, which give the three KVs of spherically symmetric spacetimes

X1 =sin¢dg +cospcotfdy, X =cospdg—singpcotfdy, Xz=dy. (50)
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Further, the functions A(t,r) in the above Equations (45)-(49) are subject to the
following constraint equations

( 2A5> =0, (51)

ToAy + T1As =0, (52)

244+ (% - %>A5 =0, (53)
/

( %A]) 0, (54)

Aﬁjﬁl(%—%)A;—%Ajzo, (55)

A + % Gﬁ — ,ﬁ)A; — %AJ- =0, (56)

where the dot represents the derivative with respect to time ¢, and j = 1,2,3. When
we solve the above constraint equations for possible cases of non-degenerate energy—
momentum tensor T,;, we obtain the corresponding CMCs for the spherically symmetric
static spacetimes (see Section 4). In the following section, we find CMCs for the degenerate
energy-momentum tensor of the spherically symmetric static spacetimes.

3. Conformal Matter Collineations for the Degenerate Matter Tensor

If the energy—-momentum tensor is degenerate, that is, det(T,;) = 0, then we have the
following four possibilities: (D-A1) all of the T, (a = 0, 1,2, 3) are zero; (D-A2) one of the T,
is non-zero; (D-A3) two of the T, are non-zero; (D-A4) three of the T, are non-zero.

Case (D-A1). This case corresponds to the vacuum (such as the Schwarzschild) spacetime
in which every vector is a CMC.

Case (D-A2). In this case, we have the subcases such that: (D-A2-i) Ty # 0, T; =0, (j=
1,2,3); (D-A2-ii) T; #0, T, =0, (k=0,2,3).

Subcase (D-A2-i). In this subcase, we find
X0 =Xx0), X'=(p— XO)%, X = X*(x7), (57)

where T # 0and a = 2,3. If Tj = 0, i.e., Ty = c (a constant), then the CMCs takes the
following form

X0 = [ydt+a, X =X (x), (58)

where 4 is an integration constant. The corresponding Lie algebra of the vector fields in
this subcase is infinite-dimensional because the vector fields given in (57) and (58) have
arbitrary components. For this subcase, using (21)-(23) we have

To = —2Ry, Ry =¢""YRy, Ry =7r%""Ry, (59)

which shows that all Ricci tensor components are non-zero, e.g., the Ricci tensor in this
subcase is non-degenerate. Furthermore, in this subcase we have the equation of state
p = 0 (dust) for the perfect fluid.

Subcase (D-A2-ii). Considering the constraints of this subcase, we obtain that

Xt = A= foVITildrva], xb= x4, (60)
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where a7 is a constant of integration. Here, we again have infinite-dimensional Lie algebra
of vector fields. Using (21)-(23), we find

Ro=¢""Ry, Ry=-r*"Ry, T;=2Ry, (61)

which are independent relations for any form of the energy-momentum tensor. It is obvious
that for this case, the choice of observers as a timelike four-vector field u® = ¢~/258 is
not appropriate, since it gives p = 0 due to the condition Ty = 0. Thus, we use the
spacelike four-velocity u® = e~/ 264 of the observers for the metric (8), which implies that
Equations (31) and (32) give

p=e Ty, p=0, my=0. (62)

Thus, the dust fluid is also allowed in this subcase. Furthermore, all Ricci tensor components
for this subcase are non-zero. This means that the Ricci tensor is non-degenerate even
though the matter tensor is degenerate.

Case (D-A3). For this case, the possible subcases are given by (D-A3-i)) T, # 0, T; =
0, (p =0,1and g = 2,3) and (D-A3-ii) T, = 0, T, # 0.

Subcase (D-A3-i). Here, by choosing a timelike four-velocity, the conditions Ty # 0 #
T; and T, = 0 = T3 mean that the fluid represents an anisotropic fluid without heat flux,
and then the physical quantities become

1
p=e"Tp, p= ge_ATl , (63)
T = Ze)‘p, Ty = —prz, 733 = —pr2 sin? 9. (64)

Using the transformations d7 = /| Ty |dr, where 7 = 7(t,r), one finds

(D e _ T () (g
R e Y T

where f(t) and g(t) are functions of integration, and the conformal factor ¢ has the form

S G F R

For this case, it follows from the condition T; = 0 that

v—A

_ ¢ / _ 1 /
Rg = P (v+A), R1—2r(v—|—/\) , (67)
v—A —v —A 2
T0+€ T1 :ZR(), e TQ—B T1 = ﬁRz. (68)
We find from Equations (63) and (68) that
iy 2
0+3p =2¢""Ro, p—3p:r—2R2. (69)

These equations show that the conditions Ry > ¢”/2 and R, > 0 should be satisfied in
order for the SEC and TEC to be valid, respectively. There is only one constraint equation
2" v —v/A 4 2(v — A) = 0 following from the condition T, = 0 for this subcase. In
addition, all the Ricci tensor components are again non-zero, i.e., det(R,;) # 0, even if the
matter tensor is degenerate.

Subcase (D-A3-ii). For this subcase, considering the constraint Ty = 0 = T, we find

A= %(1 - e)‘) — (70)
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which yields the following solution

v(r) = ln<1 - ):’O> , Ar) = ln< _1/\0> , (71)

where A is an integration constant. The above solution is just the Schwarzschild met-
ric which gives R;;, = 0, i.e,, all R;’s and T;’s vanish identically. Therefore, there is a
contradiction with the condition T, # 0 # T3 as an assumption that is not possible in
this subcase.

Case (D-A4). In this case, the possible subcases are (D-A4-i) Tp = 0, T; # 0, (j=1,2,3)
and (D-A4-ii) T; =0, Ty £ 0, (k= 0,2,3).

Subcase (D-A4-i). In this subcase, the constraint Ty = 0 gives

1
r_ A
N = r(1 e ), (72)
and
v —A 1
Rg = —2e¢ <e R1+2R2>,
r
1 4 ) 352
T = —2<R1 +72€ R2>, T, = —yre Ri =Ry, (73)

where Ty = 1(v+ A)". For this case, the choice of a timelike four-velocity of the observers
is not allowed since Ty = 0 gives p = 0. So, we need to choose a spacelike four-velocity
such as u® = e~*/247. Using Equations (31) and (32), this choice gives rise to an anisotropic
fluid without heat flux, as follows:

2
_ A _
p=e"h, p=35T,
1 .
Moo = pet, M =0, mp= EPVZ, T35 = sin” 0 715, . (74)

Here, Equation (72) has the following solution

A() :1n<1_1/\1>, (75)

2

where A is a constant of integration. The equations given in (73) are second-order ordinary
differential equations in terms of v. Then, using the A(r) given by (75) in any of the three
equations of (73), one can solve the obtained second-order differential equation to find v(r)
as

- v |/ M 1% 3 / M / M
V(T’) —ZIH{—4 1_74—5 7’_3A1+§/\1 1_rln(7’+ 7"(7"—)\1)_7 /(76)

where vg and vy are constants of integration. The Ricci scalar of the obtained metric given
by (75) and (76) is

81/1

N —vo\/1(r — A1) + 11 [Zr(r—?))tl) —|—3)\1\/7’(7’—A1)1n(1’+ r(r—»A) — %)}

R

, (77)
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and the R;’s and T;’s for this solution are

R = ﬁ{—m\/mm [Zr(r—%) +3Almln(r+m— %)H 78)

2u1 12
R1:O,R2: ’ (79)
vo/T(r — A1) —1q [Zr(r —3A1) +3A/r(r — Aq) ln<r +/r(r—Aq) — %)}
2
T = ———R Th = —R,.

LS o R 2 2 (80)

Further, the matter density and pressure that come from Equations (74), (75) and (80) are

2 1

=T, = -p, 81

P 22 p 3P (81)

which implies that the equation of state parameter w yields an incohorent radiation, i.e., w =
1/3. Finally, we conclude that the Ricci tensor is also degenerate in this case.

For this subcase, we obtain that X° = X%(x?) and X/ = X/(r, 6, ¢) where the form of
X/ is the same as in Equations (46)—(48), and the constraint Equations (51)—(56) yield the
following solution

Aj = bj cosh7 + dj sinh 7, As = 6\/?2, (82)
T

where b;,d; and { are constants. In this case, the conformal factor is given by

T o
= ( 2’rz‘h,f +A1) sinfsin¢ — ( Z’rAz,f +A2) sinf cos ¢

2T, 2T,
Ty 7 Tz
% A _ A %
+ (2T2 37+ 3) cos 0 + €2T2, (83)

where we have used the transformation dr = (T, / Tl)l/ 2d7. By considering (79) and (80),
the latter transformation yields 7 = —/21In (r +r(r—»A) — %) . Thus, in addition to the

three KVs given in (50), it follows that the remaining CMCs and corresponding conformal
factors are

T -
Xy = sinh7cos 897 + cosh7sinfdy, 4 = cosf (22Tr sinh 7 + cosh ?) ,
2

T
X5 = cosh7cos 007 +sinh7sinfdg, 15 = C0s9(227;r cosh?+sinhf) ,
2

T _
X¢ = sinh7sinfsing dr —cosh7?¢1, g = sinGsian(zz]Lr sinh 7 + cosh;’)
2

Top . . _

2T, sinh7 4 cosh7 |, (84)
ThH >

2;,; cosh7 +sinh7 |,

Xy = sinh7sinf cos ¢ 9 — cosh7¢y, 7 = sinGcosq)(

Xg = cosh7sinfsin¢gdy —sinh7¢;, yPg = sinGsin(p(

T -
X9 = cosh7sinfcos ¢ dr —sinh7¢y, g = sin9cos<p(2;f cosh 7+ sinh?) ,
2
To 7
X0 = 95 _ 1o
10 = 07, P10 2T,
X1 = F(t, 7,0, 4>)at, P11 = 0,

where F(t,7,0, ¢) is an arbitrary function, and we have defined ¢; and ¢, as follows

¢1 = costsingdg + cscOcospdy, §o = cosfcospdg —cscOsingdy. (85)
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In order to construct a closed algebra for vector fields (84), we find that F = F(t).
Hence, we have finite-dimensional Lie algebra of CMCs which has the following non-
vanishing commutators

X1, X2] = X, X1, X3] = —X2, [X1,Xq] = —Xe, [X1,X5] =X, [X1,Xe] = Xa,

(X1, Xs] = Xs, X2, X3] = Xq, X2, Xg] = X7, [X2,X5] = —Xo, [X2,X7] =Xy,

X2, X9] = X5, X3, X6] = X7, X3, X7] = X6,  [X3,Xs] = Xo, [X3,Xo] = —Xs,

(X4, Xs] = —Xq0, [Xg, X6] = Xq, Xg, X7] =Xz, [Xg,X10] = X5, [X5,Xg] = —Xq, (86)
X5, Xo] = —X2,  [X5,X10] = —Xa, [Xe,X7] = —X3, [Xe,Xs] = —X10, [Xe,X10] = —Xs,

[X7,X9] = —X10, [X7,X10] = —Xo, [Xs,Xo] =Xz, [Xg, X10] = —X6, [Xo,X10] = —X7.

Subcase (D-A4-ii). For this subcase, where T; = 0, we have v/ = %(eA - 1) and thus
Ty = %e’/’/‘()t + 1/)/. In addition, Ty and T in terms of R;’s (i = 0, 1,2) become

2

Ty=Ro+e¢"*Ri, T="(e"Ro—e'Ry), (87)
and )
_ L —v —A
Ry =5 (e Ro+e Rl). 88)

In this subcase, one can choose a timelike four-velocity of the observers such that
u® = e~"4}, which yields an anisotropic fluid without heat flux as

- 2 r .
p=e"To, p=z5D, m™= —e'p, TSP, T3 = sin® 6 712, . (89)
It is interesting to point out that we have a variable equation of state parameter w = 3%61/,

ie,p= %e”p when Ty = Tp.

If Ty = Ty, it follows from the constraint Equations (51)~(56) that A; and A4 have the
following solutions

Aj=bjcosh?+d;sinh7, Ay =1, (90)

where bj, dj and / are integration constants. Then, the components of the CMC vector field
are obtained as

X% =sin0[A] sing — Ajcos¢] + Aycosf+ ¢,
X! = 2;(;0 [ —sinB(Aqsing — Ap cos¢p) — Az cosf], (91)
X? = —cosO(Arsing — Aycosd) + Azsinf + ajsing — ap cos ¢,
X3 = —cscO(Aj cos¢p + Aysing) + cot(aj cosp + apsing) +az,
where T # 0, and ¢ is an arbitrary conformal factor, that is, the component X! is an

arbitrary function of the coordinates and so we have infinite dimensional algebra of CMCs.
If Ty # Ty, then, in addition to the three KVs given in (50), we have the following CMCs

X4 = sinfsing G(r) 9, — {1,

X5 = sinfcos¢ G(r) 97 + &2,

X¢ = cos0 G(r) 07 +sinfdg,

X7 = f(t) G(r) 97 + f(t) 0,

g = sinfsing G(r),
Y5 = sinfcos ¢ G(r), (92)
P = cos O G(r),

Y7 = f(H[1-G()],
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where G(r) = (ZTTO/TZZ,, (To/Tp)" #0,and f(t) is an integration function. Thus, we again

have a finite-dimensional Lie algebra of CMCs, and non-zero commutators of the Lie algebra
have the following form:

X1, X2] = X3, X1, X3] = —X2, [X1,X4] = Xe, X1, X6] = —Xa,
X2, X3] = X1, X2, X5] = X, X2, X6] = X5, [X3,X4] =Xs5, (93)
X3, Xs] = —Xa, [Xg,X5]=—-Xz, [Xg,Xe]=—-X1, [X5X6]=—-Xz.

4. Conformal Matter Collineations for the Non-Degenerate Matter Tensor

In this section, we consider the CMCs in a non-degenerate case, i.e., det(T,,) # O,
admitted by the static spherically symmetric spacetimes. Here, we consider the following
five possibilities of the non-degenerate matter tensor.

Case (ND-A). For this case, where none of the T, (¢ = 0,1,2,3) are zero, applying the
transformation dr = +/T»/T;1d7, we find that the the number of CMCs is 15, such that there
are three minimal KVs given in (50), and the remaining ones are

Xy = f1(t)[sinOsinp hy (F)Y — ha(7)¢1],
X5 = fo(t)[sinfsin¢ hy(F)Y — ha(7)E1],

Py = f1(t)Hy(7) sinfsin¢,
5 = fo(t)Hy(F) sinfsin ¢,

Xo = 7 [sinfsin ¢ ha(F)Y — In (A1, Yo = sz<  sinosing,

X7 = f1(t)[—sinBcos P hy(F)Y + ha(7)E2], = —f1(t)H1(7)sinfcos ¢,

Xg = fo(t)[—sinfcos ¢ hy (7)Y + ha(7)E2], = —f2(t)H1(7)sinbcos ¢,

Xg = %[— sinf cos ¢ hp (7)Y + hy(7)E2], P9 = sz( ) sinfcos¢p,  (94)

Xi0 = f1(t)[cos 0 1 (F)Y + ho(F) sin 6 0p] ,
X11 = fo(t)[cos O hy(F)Y + hy(7) sin @ dy] ,

P10 = f1(t)Hy(7) cos B,
Y11 = fo(t)Hy(F) cos b,

Xip = %[Cosehz( 7)Y + h1(7) sin 0 dg], P1p = HZ( )COSG,
. smhr . . Doy
a‘, = 7//
fl () ot + f10 13 f12 T
" smhr . Ty
8 05, = —,
X15—at, P15=0,

where Hy(7), Hy(7), hy (), ha(F), f1(t), f2(t) and Y are defined as follows:

1T

Hy(7) = hy () o2 +ha(F), Hp(F) = ho(F) 2T22,_ +hi(7), (95)
hy(7) = asinh7 + bcosh 7, hy(7) = acosh7? + bsinh 7, (96)
Lsinh(at), for a® >0,
filt) = { ’i n(|alt), fora? <0 ©7)
la] ’
L cosh(at), for a? > 0,
falt) = { ii os(|a|t), fora® <0 (%8)
o] © ’
VTh T, T VvVTh T,
Y=Y"120 4 20, = Y120 1 0r, (99)
T T, T

and Ty = hy(7)?>T> , a and b are integration constants, and « is a constant of separation such

that

N- =

5 a? —b%, fora®>0,
b2 —a%2, fora?<0.

(100)
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For a®> = 0, after solving the constraint Equations (51)-(56), we find 12 CMCs as
follows: the KVs X, X, X3 given in (50), and

Xy = ePT[B sinfsing Y — ], ¥y = H(7)eP" sinfsing,
X5 = cotXy, s =cotips,
Xo = P [—B sinfcosdpY + &), 6 = —ePTH(F)sinfcos ¢,
X7 =cotXe, 7 =cots;
Xg = ePT[B cosOY +sin6 9y, g = ePTH(7) cos 6,
X9 = cotXg, P9 =cotPs; (101)
1 (e 2 ) tTh 7
Xio= =S — B2 |or+t0;, o= 2,
10 2( ﬁC% ,B > t+ r lplO zm
Tor
Xip = —Btos+3, n=—2—; Xp=0, =0,
1=—ptoi+9, Pu rvT e = P12
where H(7) is defined as
, N Tor
H(7) = ~ 41, 102
1 =PI+ (102

and Ty = c%ezﬁi T, T1 = (cle’zﬁf + B)T», B is a separation constant such that f = +1, ¢
and c; are integration constants.

Case (ND-B). Three of the T, are zero. In this case, we have the possibilities: (ND-B-i)
Ty # 0, Tj’ =0, (j=1,2,3) and (ND-B-ii) T] #0, T, =0, (k=0,2,3).

Subcase (ND-B-i). For this subcase, we have 15 CMCs which are in the same form
as (94) together with the KVs Xj, Xy, X3 given in (50), under the transformations 7 — kr,
h1(7) — h1(r) = asinh(kr) 4+ bcosh(kr), ha(7) — ha(r) = acosh(kr) + bsinh(kr), Hy (7) —
hy(r) and Hy(7) — hy(r), where k = ¢1/¢3, and a, b, ¢1, ¢ are non-zero constants, and

Ty =+, T = +3, a® = £(a®> = ?)/c3, Ty = [acosh(kr) 4+ bsinh(kr)]*.  (103)

Here, we note that the vector fields Xj3, X4 and Xj5 are MCs since the scale factors for
those are zero, i.e., P13 = 0,914 = 0 and ¢35 = 0.
When a2 = 0, one finds that there are 15 CMCs which are the KVs X1, Xz, X3 given

in (50) and
Xy =BK (t,r)sinfsingY — K (t,7) &1, g = K4 (t,7)sinfsing,
X5 = Cg—ﬁeﬁrt[sin()sinqu— ¢, Ps = Cg—ﬁeﬁrt sinfsin¢g,
1 1
Xs = ePT[sinfsing Y — &, 6 = eP7sinfsing,
X; = —BK (t,r)sinfcos¢pY + K (t,7)&, 7 = —K4(t,r)sinfcos ¢,
Xs = C(C)—'Beﬁrt[— sinfcos¢ Y+ (o], Pg = —C(CJ—’Beﬁ’tsin(?coscp,
1 1
Xg = ePT[—sinfcosp Y + &, 9 = —ePTsinfcos ¢, (104)
X10 =BK (t,r)cos@Y+ K (t,r)sinfdy, P19 = K4 (8,7) cos b,
Xy = C(C)—ﬁeﬁrt[COSQY—l-sinQag} , P11 = C(C)—ﬁeﬁrt cos@,
1 1
X1y = eP"[cos 0 Y + sin 6 dg], 1o = P cos B,
1 Tye 2 ) _
X13—2< [ —Bt= ot +tor, P13 =0,
Xig = —ptot+0r, P1a =0,

Xi5 = 9¢, P15 =0,
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where f is an integration constant, Tp = c%ezﬁ’, T = :I:c%, ,32 = Ty /1, Y is given in (99),
and K4 (t,r) is defined as

Kyi(t,r) = ;(Cgl‘geﬁrtz + C(C)lﬁeﬁ’> . (105)

It is explicitly seen from (104) that in addition to the KVs X, X, X3 given in (50), the vector
fields X3, X14 and Xy5 are MCs.

Subcase (ND-B-ii). In this case, where T, T, and T3 are constants, one can easily find
that the number of CMCs is six, and these reduce to the MCs which are given by three KVs
X1, Xz, X3 given in (50), and the remaining ones

X4 = at s X5 = a? ’ X6 = ?at - ta? s (106)
where we have used the rescaling d7 = /Ty dr.
Case (ND-C). Two of the T, are zero. In this case, the possible subcases are (ND-C-i)
T;, #0, T,; =0, (p=0,1and g = 2,3) and (ND-C-ii) Tl’g =0, Té # 0.

Subcase (ND-C-i). For this subcase, where T,, T3 are constants, we find 15 CMCs that
are similar to the ones given in (94). Here, the functions f;(t) and f,(t) are respectively
the same form given in Equations (97) and (98), and the vector field Y has the form
Y = %at + 07. In addition, the functions k1 (7), hy(7), H1(7) and Hy(7) in this subcase
have the following form

= asinh(f) +bcosh(?) , ha(F) = 1 [acosh(?> +bsinh<7)] , (107)
co o C2 ()] 2

Hy(7) = ha(7), Ha(F) =y (7), (108)

withdr = d7/\/|T1|, To = Ta ha(7)?, To = ¢3 and a? = +(a® — b?) / T,. The CMCs X33, X14
and Xj5 of this subcase reduce to MCs since the scale factors of these vector fields are zero.
When a2 = 0, there are 12 CMCs which are in the form (101), by replacing Y — Y =
@at + d7 and H(7) — 1. For this subcase, the CMCs X, X171 and X;, become MCs due to
To
P10 =0 =g and P12 = 0.
Subcase (ND-C-ii). In this subcase, where Ty, T7 are constants, there appears a con-
stant of separation « that is given by the following constraint equation

NE
_— (109)
2TV \VT>
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Then, it follows for a? # 0 that there are 15 CMCs such that the KVs X;, Xo, X3 given in (50)
and

—VTo fa(t) (
Xs = —/To fa(t) (

Xs = —T1Vbsinfsinp Z —

\/>(:1) Py :f3(t)H3(7_’) sinfsin¢g,

\/>€1) Ps :f4(t)H3(7_’) sinfsin¢g,
VT

X7 = /Ty f3(t) < L sinfcospZ + \/17"72§2> , Y7 = —f3(t)H3(7) sinf cos ¢,
VT ilt)

L5, s = Hy(7)sinfsing,

i), = —AOH(0)sinocos,

X9:T1\/Esin9cos<pZ—|— %52, g = —Hy(7)sinOcos¢p, (110)
sin @ B
X190 =/ T0f3 (—C s0Z + ag> P19 = fg(i’)Hg(l’) cos @,
VT
sin @ B
X11 = /To falt (—c s0Z+ 89) P11 = f4(t)H3(F) cos b,
VT
b7 .
X1y = —TyVbcos0Z + \/%3111989, 12 = Hy(7) cos @,
a T - . T
X3 = (2f1T1f117>at+T2f137, ¢13—f1 2
0
a 17 = . T
X4 = (ZfZ_T(l)fZ?)at“‘TZfZar/ I1714—f2 Zily
X15 = 0, 1P15=0,

where H3(7), Hy(7), f3(t), f4(t) and Z are defined as follows:

2
Hj(F) = T0<1_ T”), Hy(F) = (b— Tlﬁ) for | (111)

T 4T, T, | VT,
1 2
_J gsin(at), for a* > 0,
folt) = { ol L sinh(|a|t), fora? <0, (112)
L cos(at), for a? >0
— 3 /
falt) = { Tl L cosh(|a|t), fora® <0, (113)
1 VT2
= Toat + o (114)
Here, Equation (109) becomes
Tg%” = a2, (115)
by using the transformation dr = d7/+/|T,|, and it has a solution T, = % T1 7 +af+b,

where g and b are integration constants. Further, we have a relation Ty = 4b a2 T,/ (a® — ATy)
from the constraint Equation (56).

If we consider the possibility a> = 0 in (115), it yields T, = a7 + b. Then, one can find
15 CMCs which are three KVs X, X3, X3 given in (50), and the following proper CMCs
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a . . 1 N .

Xy = — Tot<251n951n¢2+m§1>, Yy = tH3(7) sin@sin¢,

t t
X5:§X4, Y5 = 54
X ——isinﬂsin Z—Lg = Hs(7) sin 6 sin
6 — 2ﬂ (P \/E 1/ lP6_ 5 (P/
Xy = T0t< 51n9COS¢Z+r62> Y7y = —tH3(7) sinf cos ¢,

t t
Xg = 5X7, Y8 = 5Y7,

1 . 1
Xo = Zsmecosq)ZJr—Tzéz, P9 = —Hs(7)sinf cos p, (116)

sin @ B

X0 = T0t< ZCOSQZ—F\/EB(;) P19 = tH3(7) cos O,

t t
X1 = §X101 Y1 = 5%,

1 0

X = — 5y €08 GZ+S\1/H>89, Y12 = Hs(7) cos b,

a [t 7 2T,
X3 = 2L - o+ 210, —t
13 2(2 \/TT)) t a v lp13 7

2T,
X14 =10 + 23- Ppru=1,
Xi5 = 0¢, P15 =0,
where r = 21/a7 + b, Ty = a%/4, and Hs(7) is defined by
1 al
Hs5(7) = —=(1———= ). 117

Case (ND-D). One of the T, is zero. In this case, the possibilities are (ND-D-i) T}; = 0, T]’ #
0, (j =1,2,3) and (ND-D-ii) T, =0, T, #0, (k= 0,2,3).

In the subcase (ND-D-i), if &> # 0, then one obtains 15 CMCs as given by (50) and (94)
in the case (ND-A), in which the differences are the conditions Ty = c(z), T, = [acosh? +
bsinh7]72, and a> = +Ty(a? — b?) which is a separation constant. In addition, when
#? = 0, we find 12 CMCs which are in the same form as (101) in the case (ND-A), where
the differences are Ty = C% and T, = c%e_zﬁf.

For the subcase (ND-D-ii), we again find 15 CMCs for a®> # 0, which are in the
same form as given in (50) and (94), and the differences come from the constraints as
Ty = 2, Ty = Tp[acosh? + bsinh 7?,and a? = +(a2 — b?) /Ty. Further, if a2 = 0, then we
find 12 CMCs which are in the same form as in (50) and (101) together with the constraints
T = C1/ Ty = cOTzezﬁ’ and g2 = 1.

Case (ND-E). All T} are zero. In this case, the constraints are Ty = ¢y, Ty = ¢1, Tr = ¢3,
where cy,c1; and cp are non-zero constants. Using these constraints, it follows that in
addition to the three KVs given in (50) there are three additional CMCs such as

X4:tar—2—lrat, Xs=09,, X¢=2o, (118)
0

with ¢4, 5, g = 0, which means that these CMCs reduce to MCs.
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Here, using the constraints Tp = ¢p, T1 = ¢1, To = c2 in Equations (15)—(17), we have
the following ordinary differential equations:

1
r_ A A—v
A _r<1 e)—i—core , (119)
1
P (A
v = p (e 1) +cr, (120)
2 4
20" 402 VN 2 = A) = St = 0. (121)
r r2

Then, putting A" and v/ given above into (121), yields

A

AV — (1P +1)er Y 4 (Beg P — 4C2)872 + ﬂ(clrz +1)=0, (122)
Cor co

which gives
coe[et — (c1 2 +1)]

e = . (123)
<722 - 3c1)e/\ —c1(c172+1)
Thus, the physical variables p, p and 7, for this case are
2 3¢ - 2 A

5 1 ci(cire+1)e 1 2

P—(V ) . op=lact+ 22, (124)
er—cr2—1 3 r2

2 C2 ) 1’2 A .2

T = 5(01 — ), M = —me i, 733 = sin” 071y, (125)

with the choice of timelike observers. Note that the prefect fluid which requires 7, = 0
is not allowed in this case since Equations (119)—(121) are not equivalently satisfied for
M) = ¢112/cy and v(r) that comes from (123).

The vector fields for cases (ND-A)-(ND-D) are CMCs of the original metric (8), which
are 15 for a> # 0 and 12 for a®> = 0 in almost all cases. In addition, we can employ an
anisotropic fluid without heat flux for all cases in this section.

5. Conclusions

Symmetries of the metric tensor on a manifold, such as KVs, HMs and CKVs, have
finite-dimensional Lie algebras as the metric tensor is always non-degenerate. The maxi-
mum dimension for the Killing algebras (in four-dimensional space) is 10, for HMs it is
11 and for CKVs it is 15. However, there is no such guarantee for other tensors which can
be degenerate as well as non-degenerate. Thus, the Lie algebras for RCs, MCs, etc., can
be finite as well as infinite. When the tensor is non-degenerate, the algebra of RCs and
MC:s is finite and the maximum dimension is 10, but for the degenerate tensor it can be
finite as well as infinite. For conformal collineations, the maximum dimension is 15 for the
non-degenerate tensor. For the degenerate case, finite dimensionality is not guaranteed.

In this work, we have completely classified CMCs for static spherically symmetric
spacetimes which are not of Bertotti-Robinson type. We have seen in Section 3 that if the
energy—momentum tensor is degenerate, i.e., det(T,;) = 0, then the CMCs have infinite
degrees of freedom. In Section 4, in which the non-degenerate case where det(T,;,) # 0is
considered, there are fiffeen CMCs if the separation constant is not zero, or fwelve CMCs if
the separation constant vanishes. In the cases (ND-B-ii) and (ND-E) of six dimensional Lie
algebras, the conformal factor comes out to be zero, and thus, they are actually MCs and
not CMCs.

We point out that in degenerate case (D-A4-i), we found an exact spherically symmetric
solution of the form
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2
ds? = [—Twll—'zf/\4+l/21{r—6M+3M 1—2]:/11n(r+ r(r—ZM)—M)H dt?

24+ sin? 0 dg? (126)
1-2M v

;
where we have taken A; = 2M. This new metric is a radiation-dominated fluid solution for
EFEs. It is interesting to note from Equation (35) that the NEC for the above solution reads
p > 0. For this metric, the Ricci scalar becomes

81/1
R = . (127)
—vo\/r(r = 2M) +2v1 [r(r = 6M) + 3My/r(r —2M) In(r + \/r(r —2M) — M) |
This metric reduces to the well-known form of Schwarzschild solution if vy = —4 and

v1 = 0. The above solution admits eleven CMCs, which are given in (50) and (84), and they
have finite-dimensional Lie algebra.

For the sake of completeness, we shortly touch on the possible extension of similar
studies in generic dimensions. It is well-known that the spherically symmetric metrics
continue to exist in spacetimes of dimensions greater than four. However, it will be
much more complicated to solve the symmetry equations even for static and spherically
symmetric spacetimes in higher dimensions.
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